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The case of systems of general size but for coefficients depending only on *t* and for $\documentclass[12pt]{minimal}
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The case of (microlocally) *diagonalisable* systems of any order with fully variable coefficients was considered by Rozenblum \[[@CR41]\] under the condition of transversality of the intersecting characteristics. Also allowing the variable multiplicities, this transversality condition was later removed in \[[@CR32], [@CR33]\] with sharp $\documentclass[12pt]{minimal}
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Before stating our main results and collecting some necessary basic notions we give a brief overview of the state of the art for hyperbolic equations and systems. We have a complete understanding of strictly hyperbolic systems, i.e., systems without multiplicities, with $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {D}}'$$\end{document}$. There are also well-posedness results for less regular coefficients with respect to *t*. For instance, well-posedness with loss of derivatives has been obtained by Colombini and Lerner \[[@CR9]\] for second order strictly hyperbolic equations with Log-Lipschitz coefficients with respect to *t* and smooth in *x*. It is possible to further drop the regularity in *t* (for instance Hölder), however, this has to be balanced by stronger regularity in *x* (Gevrey) and leads to more specific (Gevrey) well-posedness results (see \[[@CR3], [@CR31]\] and references therein). Paradifferential techniques have been recently used for this kind of strictly hyperbolic equations by Colombini et al. \[[@CR6], [@CR7]\].

The analysis of hyperbolic equations with multiplicities (weakly hyperbolic) has started with the seminal paper by Colombini et al. \[[@CR5]\] in the case of coefficients depending only on time. Profound difficulties in such analysis have been exhibited by Colombini et al. \[[@CR4], [@CR8]\] showing that even the second order wave equation in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {D}}'$$\end{document}$. However, they turn out to be well-posed in suitable Gevrey classes or spaces of ultradistributions. In the last decades many results were obtained for weakly hyperbolic equations with *t*-dependent coefficients (\[[@CR3], [@CR11], [@CR16], [@CR18]--[@CR20], [@CR34]\], to quote only very few). More recently, advances in the theory of weakly hyperbolic systems with *t*-dependent coefficients have been obtained for systems of any size in presence of multiplicities with regular or low regular (Hölder) coefficients \[[@CR16], [@CR22], [@CR23]\]. In addition, in \[[@CR17]\] precise conditions on the lower order terms (Levi conditions) have been formulated to guarantee Gevrey and ultradistributional well-posedness. Previously very few results were known in the field for systems of a certain size ($\documentclass[12pt]{minimal}
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Weakly hyperbolic equations with *x*-dependent coefficients were considered for the first time in the celebrated paper by Bronshtein \[[@CR2]\]. As shown already in some earlier works by Ivrii, the corresponding Cauchy problem is well-posed under "almost analytic regularity", namely, if the coefficients and initial data are in suitable Gevrey classes. Bronshtein's result was extended to (*t*, *x*)-dependent scalar equations by Ohya and Tarama \[[@CR38]\] and to systems by Kajitani and Yuzawa \[[@CR31]\]. The regularity assumptions are always quite strong with respect to *x* (Gevrey) and not below Hölder in *t*. See also \[[@CR10], [@CR37]\]. Geometrical and microlocal analytic approaches are known for equations or systems under specific assumptions on the characteristics and/or lower order terms. See \[[@CR29], [@CR30], [@CR33], [@CR36], [@CR39]\], to quote only a few. Time-dependent coefficients of low regularity (distributional) have been considered in \[[@CR21]\].

In this paper we will be interested in the case of coefficients depending on both *t* and *x* and we will make use of the usual definitions of symbol classes. We say that a (possibly) complex valued function $\documentclass[12pt]{minimal}
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If there is no question about the domain under consideration, we will abbreviate the symbol- and operator-classes by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^m_{1,0}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi ^m_{1,0}$$\end{document}$, respectively, or simply by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^m$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi ^m$$\end{document}$.
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Again, if there is no question about the domain under consideration, we will abbreviate the symbol- and operator-classes by $\documentclass[12pt]{minimal}
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Let us give our main result concerning the first question (Q1) for the systems with the principal part *A* satisfying the upper triangular condition ([2](#Equ2){ref-type=""}). Here, $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar3}
---------
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                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l@{\quad }l} D_t u = A(t,x,D_x)u + B(t,x,D_x)u + f(t,x), &{}\quad (t,x) \in [0,T] \times \mathbb R^n, \\ \left. u \right| _{t=0} = u_0(x), &{}\quad x \in \mathbb R^n, \end{array} \right. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$A(t,x,D_x) \in (CS^1)^{m \times m}$$\end{document}$ is an upper-triangular matrix of pseudo-differential operators of order 1 in the form ([2](#Equ2){ref-type=""}), and $\documentclass[12pt]{minimal}
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Remark 1 {#FPar4}
--------

As stated earlier, we allow *A* and *B* to have complex valued symbols as long as the symbols of $\documentclass[12pt]{minimal}
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The main condition of Theorem [1](#FPar3){ref-type="sec"} for the Sobolev well-posedness is that the pseudo-differential operator $\documentclass[12pt]{minimal}
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                \begin{document}$$j-i$$\end{document}$. In other words, the terms below the diagonal at a distance *k* to it must be of order $\documentclass[12pt]{minimal}
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In solving the Cauchy problem ([4](#Equ4){ref-type=""}) we will make use of Fourier integral operators depending on the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int \limits _{0}^{t} \int \limits _{\mathbb R^n} e^{\mathrm{i}\varphi (t,s,x,\xi )} a(t,s,x,\xi ) {\widehat{g}}(s,\xi ) d\xi ds \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ is the solution of a certain eikonal equation and the symbol *a* is determined via asymptotic expansion and transport equations. In Sect. [2.1](#Sec3){ref-type="sec"} we will recall some well-known Sobolev estimates for this type of operators.

In Sect. [2](#Sec2){ref-type="sec"} we will prove Theorem [1](#FPar3){ref-type="sec"} after we explain its idea in the cases of $\documentclass[12pt]{minimal}
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Consequently, in Sect. [3](#Sec7){ref-type="sec"} we give an answer to the second question (Q2) above in the form of a suitable variable coefficients extension of the Schur triangularisation. For constant matrices such a procedure is well known (see e.g. \[[@CR1], Theorem 5.4.1\]).

Theorem C {#FPar5}
---------

(Schur's triagularisation theorem) Given a (constant) $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{ii} = \lambda _i$$\end{document}$. Furthermore, if the entries of *A* and its eigenvalues are all real, *T* may be chosen to be real orthogonal.

It follows that *R* can be written as $\documentclass[12pt]{minimal}
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                \begin{document}$$D={{\mathrm{diag}}}(\lambda _1,\ldots ,\lambda _m)$$\end{document}$ and *N* is a nilpotent upper triangular matrix.

If the matrix *A* depends on one or several parameters, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$A=A(t,x,\xi )$$\end{document}$, the situation becomes less clear and it is difficult to give a complete description, in particular together with a prescribed regularity of the involved transformation matrices. The regularity of the matrix *A* and the desire to maintain it through the transformation puts already constrains on the matrix as, in general, the eigenvalues can only be expected to be Lipschitz continuous in the parameters even if all the entries depend smoothly on the parameters (see, e.g., \[[@CR2], [@CR40]\] and the references therein). In the sequel, we will present some sufficient conditions to ensure the existence of an upper triangularisation for $\documentclass[12pt]{minimal}
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                \begin{document}$$A(t,x,\xi )$$\end{document}$ which respects its regularity. For example, it will apply to the case when *A* is a matrix of first order symbols continuous with respect to *t*, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$A(t,x,\xi ) \in \big ( C S^1 \big )^{m \times m}$$\end{document}$.

Our main result for this part of the problem is the following theorem.

Theorem 2 {#FPar6}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$h_1 , \ldots , h_{m-1} \in \big ( C S^0 \big )^m$$\end{document}$ be the corresponding eigenvectors. Suppose that for $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$h^{(i)}$$\end{document}$ explained in ([37](#Equ37){ref-type=""}). Then, there exists a matrix-valued symbol $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T^{-1}(t,x,\xi )A(t,x,\xi ) T(t,x,\xi ) = \Lambda (t,x,\xi ) + N(t,x,\xi ) \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
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                \begin{document}$$(t,x,\xi ) \in [0,T] \times \mathbb R^n \times \{ |\xi | \ge M \}$$\end{document}$, where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Lambda (t,x,\xi ) = {{\mathrm{diag}}}(\lambda _1(t,x,\xi ),\lambda _2(t,x,\xi ),\ldots ,\lambda _m(t,x,\xi )) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Furthermore, there is an expression for the matrix symbol *T* which will be given in Theorem [6](#FPar17){ref-type="sec"}. Also, the assumption ([5](#Equ5){ref-type=""}) can be relaxed, see Remark [6](#FPar18){ref-type="sec"}. In Sect. [3](#Sec7){ref-type="sec"} we will prove this result as well as describe the procedure how to obtain the desired upper triangular form. Moreover, we work out in detail the cases of $\documentclass[12pt]{minimal}
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The results and techniques of this paper are a natural outgrowth of the paper \[[@CR27]\] where the case $\documentclass[12pt]{minimal}
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                \begin{document}$$2\times 2$$\end{document}$ systems. It is with great sorrow that we remember the untimely departure of our colleague and friend **Todor Gramchev** who was the inspiration for both \[[@CR27]\] and the present paper.

Well-posedness in anisotropic Sobolev spaces {#Sec2}
============================================

This section is devoted to proving the well-posedness of the Cauchy problem ([1](#Equ1){ref-type=""}). For the reader's convenience we first give a detailed proof in the cases $\documentclass[12pt]{minimal}
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Auxiliary remarks {#Sec3}
-----------------

In solving the Cauchy problem ([1](#Equ1){ref-type=""}), we will deal with solutions of certain scalar pseudo-differential equations. For each characteristic $\documentclass[12pt]{minimal}
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With that, we can record the following estimate:

### Lemma 1 {#FPar7}
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To motivate the higher order cases, here we review the construction for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\times 2$$\end{document}$ systems adapting it for the subsequent higher order arguments. Hence, in this subsection we follow the proof in \[[@CR27]\]. Thus, we consider the system$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l@{\quad }l} D_t u = A(t,x,D_x)u + B(t,x,D_x)u + f(t,x), &{}\quad (t,x) \in [0,T] \times \mathbb R^n,\\ \left. u\right| _{t=0} = u_0, &{}\quad x \in \mathbb R^n, \end{array} \right. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_0(x) = \big [u_1^0(x),u_2^0(x) \big ]^T$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(t,x) = \big [ f_1(t,x) ,f_2(t,x) \big ]^T$$\end{document}$, and with the operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A(t,x,D_x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B(t,x,D_x)$$\end{document}$ given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A(t,x,D_x) = \begin{bmatrix} \lambda _1(t,x,D_x)&\quad a_{12}(t,x,D_x) \\ 0&\quad \lambda _2(t,x,D_x) \\ \end{bmatrix} \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B(t,x,D_x) = \begin{bmatrix} b_{11}(t,x,D_x)&\quad b_{12}(t,x,D_x) \\ b_{21}(t,x,D_x)&\quad b_{22}(t,x,D_x) \\ \end{bmatrix}. \end{aligned}$$\end{document}$$We suppose that all entries of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A(t,x,D_x)$$\end{document}$ belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C \Psi _{1,0}^1$$\end{document}$ and all entries of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B(t,x,D_x)$$\end{document}$ belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C \Psi _{1,0}^0$$\end{document}$. By using the operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^0_j$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_j$$\end{document}$ introduced in Sect. [2.1](#Sec3){ref-type="sec"}, we can reformulate the Eq. ([7](#Equ7){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u_1= & {} U^0_1 + G_1((a_{12}+b_{12})u_2), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u_2= & {} U^0_2 + G_2(b_{21}u_1), \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} U_j^0 = G_j^0 u_j^0 + G_j(f_j), \quad j=1,2. \end{aligned}$$\end{document}$$Plugging ([10](#Equ10){ref-type=""}) in ([9](#Equ9){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u_1 = {\tilde{U}}^0_1 + G_1(a_{12}G_2(b_{21}u_1)) + G_1(b_{12}G_2(b_{21}u_1)), \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\tilde{U}}^0_1 = G_1^0 u_1^0 + G_1(f_1) + G_1((a_{12}+b_{12})U^0_2). \end{aligned}$$\end{document}$$Using the rules of composition of Fourier integral operators, see e.g. \[[@CR15]\], and by Lemma [1](#FPar7){ref-type="sec"}, we get that the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_1 \circ a_{12} \circ G_2 \circ b_{21}$$\end{document}$ in ([12](#Equ12){ref-type=""}) acts continuously on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^s$$\end{document}$ if it is of order 0. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{12} \in C \Psi _{1,0}^1$$\end{document}$ we therefore need to assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{21} \in C \Psi _{1,0}^{-1}$$\end{document}$.

The operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_1 \circ b_{12} \circ G_2 \circ b_{21}$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C I_{1,0}^{-1}$$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{21} \in C \Psi _{1,0}^{-1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{12} \in C \Psi _{1,0}^{0}$$\end{document}$.

We now introduce the following scale of Banach spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X^s(t) := C([0,t],H^s)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in [0,T]$$\end{document}$, equipped with the norm$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u\Vert _{X^s(t)} = \sup _{\tau \in [0,t]} \Vert u(\tau ,\cdot )\Vert _{H^s}. \end{aligned}$$\end{document}$$Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal G_1^0 u_1:= G_1(a_{12}G_2(b_{21}u_1)) + G_1(b_{12}G_2(b_{21}u_1)). \end{aligned}$$\end{document}$$It follows that ([12](#Equ12){ref-type=""}) can be written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u_1={\tilde{U}}^0_1 +\mathcal G_1^0 u_1. \end{aligned}$$\end{document}$$By composition of Fourier integral operators and Lemma [1](#FPar7){ref-type="sec"} we have that the 0-order Fourier integral operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal G_1^0$$\end{document}$ maps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C([0,T],H^s)$$\end{document}$ continuously into itself and for small time interval it is a contraction, in the sense that there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^*\in [0,T]$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert {\mathcal {G}}_1^0(u-v)\Vert _{X^s(T^*)} \le C_{A,s} T^*\Vert u-v\Vert _{X^s(T^*)}, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{A,s}T^*< 1$$\end{document}$. Banach's fixed point theorem ensures the existence of a unique fixed point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1$$\end{document}$ for the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal G_1^0$$\end{document}$. Hence, by assuming that the initial data $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{U}}^0_1$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C([0,T^*],H^s)$$\end{document}$ we conclude that there exists a unique $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1\in C([0,T^*],H^s) $$\end{document}$ solving ([12](#Equ12){ref-type=""}). Note that the same argument proves that the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I-{\mathcal {G}}_1^0$$\end{document}$ is invertible on a sufficiently small interval in *t* since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}_1^0=I$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$. From formula ([13](#Equ13){ref-type=""}) it is clear that in order to get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{U}}^0_1$$\end{document}$ to belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C([0,T^*],H^s)$$\end{document}$ we need to assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U^0_2\in H^{s+1}$$\end{document}$. Finally, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_2$$\end{document}$ by substitution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1$$\end{document}$ in ([10](#Equ10){ref-type=""}).

### Remark 2 {#FPar8}
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We have therefore proved the following theorem stated for the first time in \[[@CR27], Theorem 7.2\].

### Theorem 3 {#FPar10}
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### Remark 4 {#FPar11}
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In this section we will extend the construction to the case of $\documentclass[12pt]{minimal}
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The general case {#Sec6}
----------------

We are now ready to prove the main result of our paper in the general case of an upper-triangular $\documentclass[12pt]{minimal}
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### Proof {#FPar13}
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In this section we investigate how to reduce an $\documentclass[12pt]{minimal}
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One of the difficulties when dealing with variable multiplicities is the loss of regularity in the parameters at the points of multiplicities. In the following, we will assume that *A* is a matrix of (possibly) complex valued first order symbols, continuous with respect to *t*, i.e., $\documentclass[12pt]{minimal}
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We will now develop a parameter dependent extension of the Schur triangularisation procedure and we will describe it step by step. Then we will give an example for it for the systems of low sizes, namely, for $\documentclass[12pt]{minimal}
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Normal forms of matrices depending on several parameters have a long history and are notoriously involved; for some remarks and related works, we refer the reader to \[[@CR14], [@CR24], [@CR25], [@CR45]\].

First step or Schur step {#Sec8}
------------------------

The first step in our triangularisation follows the construction in the constant case except that we will not get a unitary transformation matrix. For this reason we talk of a Schur step. Throughout this paper $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar14}
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### Proof {#FPar15}
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Applying Proposition [1](#FPar14){ref-type="sec"} repeatedly for $\documentclass[12pt]{minimal}
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                \begin{document}$$m-2$$\end{document}$ times to *E*, we obtain a full Schur transformation of *A*, that is a full reduction to an upper triangular form. In the next subsection we describe this iteration in detail. This triangularisation procedure is summarised in Theorem [6](#FPar17){ref-type="sec"} where sufficient conditions on the eigenvectors of *A* are given.

The triangularisation procedure {#Sec9}
-------------------------------

The reduction to an upper triangular form or the Schur transformation of *A* is possible under certain conditions on its eigenvectors. More precisely, let$$\documentclass[12pt]{minimal}
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### Remark 5 {#FPar16}

As noted in the proof of Proposition [1](#FPar14){ref-type="sec"}, we could have that$$\documentclass[12pt]{minimal}
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Summarising, we can formulate a more precise version of Theorem [2](#FPar6){ref-type="sec"}.
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### Remark 7 {#FPar19}
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### Remark 8 {#FPar20}
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### Remark 9 {#FPar21}
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For the sake of simplicity and the reader's convenience, in the next subsections we analyse Theorem  [6](#FPar17){ref-type="sec"} in the special cases of $\documentclass[12pt]{minimal}
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We now formulate Theorem [6](#FPar17){ref-type="sec"} in the special case $\documentclass[12pt]{minimal}
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### Theorem 7 {#FPar22}
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### Example {#Sec11}
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With the notation introduced in Sect. [3.2](#Sec9){ref-type="sec"}, we assume that the $\documentclass[12pt]{minimal}
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Thus, we can state

### Theorem 8 {#FPar24}
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